Математические модели и алгоритмы анализа процессов ионизации атома гелия и молекул водорода с вариационными функциями by Чулуунбаатар, О.
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0 7$ Ψ ≡ Ψ(r1, r2, r12) 6+9.  
HΨ = EΨ, 〈Ψ|Ψ〉 = 1, H = −1
2
(Δr1 + Δr2)−
2
r1
− 2
r2
+
1
r12
. !<"
 \ +$ Ψ -.   6&1. + ? &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20
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+?0 7$ ϕ = {ϕj}jmaxj=1  62 \77$2 D = {Dj}jmaxj=1
Ψ =
jmax∑
j=1
Djϕj , ϕj = [exp(−αjr1 − βjr2) + exp(−αjr2 − βjr1)] exp(−γjr12), !D"
 r1# r2  r12 = |r1−r2| u +2/  7$ +8
 Ω ∈ R3+ ⊗ S3 ∈ R6 \ {0} 0 \&  +?&1 ?/
.1& 2 . 2 &. + 6/ +& & 22 L = 0 
p? 6?1( 1.  & 2?$ ϕ# - +8
2 αj # βj  γj &( 2 &22 / +&8
/0 /&A
αj =
{
1
2
j(j + 1)
√
pα
}
(A2 −A1) + A1, 0  A1 < A2,
βj =
{
1
2
j(j + 1)
√
pβ
}
(B2 −B1) + B1, 0  B1 < B2, !@"
γj =
{
1
2
j(j + 1)
√
pγ
}
(C2 − C1) + C1, 0  C1 < C2.
j( {x} ?6/ ?] /( - 6/. x [A1, A2]# [B1, B2]
 [C1, C2] u & 6/ $0 +2# +&1-0 +28
6$ pα# pβ  pγ u  + /& 1 +&(6&( &]-
6/.A pα = 2# pβ = 3  pγ = 5 j22# / /&( 6&( +8
26$ &. αj # βj  γj +/ /&(  62] 98
60 00 /&  +$+# 21 +2.( $] +$
9. // 6/  ? 6/. !<"u!@"  . 62
&.2    0 0 & (  &. 2
? 7$ mBnA
∂Ψ
∂ri
∣∣∣
ri→ 0
= −2Ψ
∣∣∣
ri→ 0
(i = 1, 2),
∂Ψ
∂r12
∣∣∣
r12→ 0
=
1
2
Ψ
∣∣∣
r12→ 0
. !B"
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$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$0 /0# +2 m<FnA
ν1 = ν2 =
〈
Ψ
∣∣∣δ(r1) ∂∂r1 ∣∣∣Ψ〉
〈Ψ|δ(r1)|Ψ〉 = −2, ν12 =
〈
Ψ
∣∣∣δ(r12) ∂∂r12 ∣∣∣Ψ〉
〈Ψ|δ(r12)|Ψ〉 =
1
2
. !E"
H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/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 L2(Ω) 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]# &8
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/2 &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. /$ m<C# <[n
μ1 = μ2 =
∂Ψ
∂r1
∣∣∣
r1,r2,r12→0
Ψ
∣∣∣
r1,r2,r12→0
= −2, μ12 =
∂Ψ
∂r12
∣∣∣
r1,r2,r12→0
Ψ
∣∣∣
r1,r2,r12→0
=
1
2
. !F"
&] 7$]# &.]-] \2 0//2 &.2# &/8
 !E"  &?2 2&# ? ?6/( ?? @{ !@ TORJKS Od GOUURSROJ" 
JK 7" A 
  ; 7
 +&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$+ 22 mD># D<n 8
.  ??- &?/ 6/  ? 6/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 78
0 6/.0 &0 +2 A1# A2# B1# B2# C1  C2
HD = EWD, Hij = 〈ϕi|H |ϕj〉, Wij = 〈ϕi|ϕj〉, !="
 &. +6 6 02 &2
〈ϕi|ϕj〉 = 8π2
∫ ∞
0
r1dr1
∫ ∞
0
r2dr2
∫ r1+r2
|r1−r2|
r12dr12ϕiϕj . !C"
 ?2 2/ \&2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/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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 $2 7$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& F1(Ψ) = 〈Ψ|H |Ψ〉# ]-2 6/ !D"# 
/ &. \2 &.  21 +&(6( &(  +&8
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+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/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? mDDn 
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^  / H E u +1. / 7$& F1(Ψ)A E = F1(Ψ)#
 ]- \77$ Dj + 70 6/.0 +2
A1# A2# B1# B2# C1  C2# /&.].  9. ??- &?/ 68
/  ? 6/. !="  +2-(] 2 ?0 $ !/
&/ 2 (] mD@n"# +&(6. ++22 Izh mD<n 
^  2 
&. 01. +2&(0 6/ +2 A1# A2# B1# B2#
C1  C2# +&(62 226$] / 7$& F2A
F2 =
8∑
i=1
|fi|2 → min, !["
 fi# i = 1, . . . , 6# +&.].  / +6  7$& E =
F1(Ψ)
f1 =
∂E
∂A1
, f2 =
∂E
∂A2
, f3 =
∂E
∂B1
, f4 =
∂E
∂B2
, f5 =
∂E
∂C1
, f6 =
∂E
∂C2
, !<>"
 +&&(2 &.2
f7 = ν1 + 2, f8 = ν12 − 0.5 & f7 = μ1 + 2, f8 = μ12 − 0.5. !<<"
ED  ! 
 /&0 /0 +&(6&( $&(. ++2$.  +.8
 + +6 7$& fi# i = 1, . . . , 6#  92 10−6 / 8
+&  /(] ε = 10−12# +&(6. ++22 wIh 6 ??&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(]#  12 9  <B 6 9. ??-. &?/.
6/  ? 6/. !=" 6 ^  / 
&. 1. 6 /8
 ε = 10−12 +?&( +2 @> $ 
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 !)" mD@n &. 7$& ϕ(E,D, a)>#  2 ? 6/
E∗  ?  D∗ /&.]. 226$ 7$& F1(Ψ)# 
2 6/. 2+ +&&(  +2 a∗ /&.8
]. 226$ 7$& 9? F2 
 ?0 &/.0 /& 9. !E"  !F" + jmax = 60 0.8
.  092 &  /2 6/.2# ν1 = ν2 = μ1 = μ2 = −2 
ν12 = μ12 = 0.5#  +&0 B 6/-0 $7  ]  0
$ \ E = −2.903724 V   E = −2.903721 V   ?2 /(]
 +&0 = 6/-0 $7 H 7$ ?& 6?&  +&(68
&( &. / / 6$  .. 2 &.  ?
mDEn + jmax = 10 − 60# +6&.]-0 $( ?& +22 2& 
621 2/ &. +. \+2 
JJ 5 ; 
E  7
/ / (e, 3e) &. .  2 \+2 mDn ?& 8
+&  +2 ?2 +?&1 + 62] ? &8
]- \&  2 &. j 0. 2+&( 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 6+8
].  
prec + ps = p0 − p1 − p2, Es = E0 − E1 − E2 − V 2+IP . !<D"
j( (E0,p0)# (E1,p1)# (E2,p2)  (Es,ps) u  / \
 2+&( +]-# +20  . \&# V 2+IP u \.
6$  \. + 0 6$ L !=[ \"  prec u +8
&. ? 2+&( / 
&. 7$. / .. + + 2 &.
?&(# +&(6. &] 7$] @ 2& m[n
Ψ−3C(p1,p2; r1, r2) = exp(−ıp12r12)ψ−(p1, r1)ψ−(p2, r2)ψ−(p12, r12), !<@"
 0.-. &. &. 7$. ψ−(pj , rj) +&..  
ψ−(pj , rj) = N(ξj) exp(ıpjrj)1F1(ıξj , 1,−ı(pjrj + pjrj)), j = 1, 2, 12. !<B"
j( 1F1 u 1. +2/. 7$.# N(ξj)=exp(−πξj/2) Γ(1−
ıξj) u 2/. # ξ1 = −2/p1# ξ2 = −2/p2# ξ12 = 1/(2p12)#  p12 =
(p1 − p2)/2 (2 77$&( / 6&( 2
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σ(8) =
d8σ
dE1dE2dΩ1dΩ2dΩs
=
2psp1p2
(2π)8p0
|Tfi|2, !<E"
Tfi =
4π
K2
∫
dr1dr2Ψ−∗3C(p1,p2; r1, r2) (exp(ıKr1) + exp(ıKr2)− 2)Ψ(r1, r2, r12),
 Ω1 = {θ1, ϕ1}# Ω2 = {θ2, ϕ2}  Ωs = {θs, ϕs} u  7/
& 2+&( +-0  . \&#  K = p0 − ps u +8
 2+&(  /& 2+& ..# Tfi# +&(6. 2#
6&1  mDFn &. /  6$ 2 &.  +22
7$ ,2  &. !" mD=n  @87$ &.   / 8
.#  
+&(6. +?6. :(#  &/] 72& &. 8
.
I(λ;pτ ,k) =
∫
dr
r
exp(ıkr − λr)ψ−∗(pτ , r) = 4πN(ξτ ) [(λ− ıpτ )
2 + k2]ıξτ
[(k− pτ )2 + λ2]1+ıξτ , !<F"
02# /  2 &/ 72& !<E" .  &]-2 02
&
T = − 4π
K2
jmax∑
j=1
Dj
∂3
∂αj∂βj∂γj
∫
dp
(2π)3
I(γj ;p12,p + p12)
×[I(αj ;p1,K− p)I(βj ;p2,p) + I(αj ;p1,−p)I(βj ;p2,K + p) !<="
+I(βj ;p1,K− p)I(αj ;p2,p) + I(βj ;p1,−p)I(αj ;p2,K + p)
−2I(αj;p1,−p)I(βj ;p2,p)− 2I(βj;p1,−p)I(αj ;p2,p)].
 0 & /&.&(# +&(6. 2 +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&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. +]- \& E0 = 5599 \#
\. . \& Es = 5500 \  & .. θs = 0.45◦# +
\.0 +20 \& E1 = E2 = 10 \#   
6 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 D{ 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  6&(# 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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 7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.  &/8
9] /( +?&1.  ?2 6/] \ !EBK = −2.9035
  "#  01 &. 2 &.2 1  /  .
/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$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 &. 2 &.2  / 
.#   2 / +?&1  ?2 6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
!ELS = −2.9020   " j22# /  &/.0 6/ & ..# θ1 = 83◦ 
θ1 = 207◦# 6&( /&# +&(6]- {U 7$]# +&] 
mE# =n# 2] 01 01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10
-5
10
-6
10
-7
10
-6
10
-7
!" !?"
  -	. /# !  &	 012 ! (e, 3e) 3$ 	 45 6# *

7 8 &9	7 1 9&: : 
 
7 ;   
 % !*
 ! 	$	 %! <1 -" 	!  !. => -  	!  !.  ?2 -## 	! *
 !. -. /# !  &	 012 -
+ ) ;	%$ .  ,012 - @ ) ;	%$ .
! (e, 2e)  (e, (3 − 1)e) 3$ 
 45 

   6# 
7 8
&9	7 
7# ! <ABC $ 
 7  ; ) 	&" ! 3$ *
	 9&: : 
 
7 ;   
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  < !?" +6 7 6&( / &. 0 (e, 3 − 1e)
 (e, 2e) \+2# +&0  22/ 2+& 28
 m@n  \0 \+20 ].  ?0 0.-0 \&#
 2# .  +2# 2]-  \ !Es = E1 = 1000
\"  +&. & !θs = θ1 = 45◦"  (e, 3− 1e) &/ 2& +2
\&#   .# 2 \] E2 = 10 \ (e, 2e)  (e, 3−1e)
/. .. 6/&(  7$ 2+&( q = |ps + p1 − p0| /&8
. ?& +&  +&8&2 2+&(2 +?&1 !{gIx"  \
6&( ?& ?6  \+2&(2 692 + 2+&( !2 
& m@n"  (e, 3−1e) &/ 6&( /&# +&(6]- D{  @{
7$ /( ?&6   #  1  6&(2 /# +&(6]8
-0 e 7$] # / /&.  {U 7$ &/9 +68
  (e, 3 − 1e) \+2  29? ?&]0 6/#  2
 +0( &. +.  &/ (e, 2e) +0  N = 2 6?1 8
. L
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6$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  mD[n H ?&].
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0 \+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 +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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 EE
6  05 ;0=15 913 2_ 0#34#4$0Y %%95015 : #940  3 #
D =#094
22  4 &. \&# 1-.  +& 0
70 .  6.2 Z1  Z2A(
H − k
2
2
)
Ψ(k, r) = 0, H = −1
2
Δr − Z1
r1
− Z2
r2
. !<C"
 9 ?2 (   +6. 0 7$A
Ψ(k, r) = Ψ1(k, r1)Ψ2(k, r2), Ψl(k, rl) = exp
(
ıkrl
2
)
ψ(k, rl), l = 1, 2. !<["
&.. 7$ !<["   !<C"# +&/2 &]- 
2∑
l=1
[
1
2
Δrlψ(k, rl) +
(
ık + βl
∇rnψ(k, rn)
2ψ(k, rn)
)
∇rlψ(k, rl) +
Zl
rl
ψ(k, rl)
]
= 0, !D>"
 βl u \77$ 6&.# β1 + β2 = 2# n = 3 − l  +( ++&2#
/ 1 &2  0 ?0  &]#   #
1
2
Δrlψ(k, rl) +
(
ık + βl
∇rnψ(k, rn)
2ψ(k, rn)
)
∇rlψ(k, rl) +
Zl
rl
ψ(k, rl). !D<"
j22# /  !D<" + βl = 0 2 &/ 9
ψ(k, rl) = Q(αl,k, rl) ≡ 1F1(ıαl, 1,−ı(krl + krl)), !DD"
 αl = −Zl/k u +2 j227&(  # 9 Ψ(k, r) 2 
Ψ(k, r) =
exp(ıkr)
(2π)3/2
2∏
l=1
N(αl)Q(αl,k, rl), N(αl) = exp
(
−παl
2
)
Γ(1− ıαl), !D@"
 &. &] 2
〈Ψ(k, r)|Ψ(k′, r)〉 =
∫
drΨ∗(k, r)Ψ(k′, r) = δ(k− k′). !DB"
&. 7$. !D@" 6. & 7$ + D  .&.. /8
2 &/2 !<@"  ?&(90 6/.0 kr &. 7$. !D@" &8
. ] !D<"  /(] O
(
(kr)−2
)
# +&(
Q(αl,k, rl) = exp(παl/2)f(k, rl) + O
(
(krl)−1
)
,
∇lQ(αl,k, rl) = αl(krˆl + k) exp(παl/2)
ı(krl + krl)
f(k, rl)q(k, rl) + O
(
(krl)−2
)
, !DE"
q(k, rl) = 1− exp(−ı(kerl + krl)) f¯(k, rl)
f(k, rl)
, f(k, rl) =
exp(−ıαl ln(krl + krl))
Γ(1− ıαl) .
EF  ! 
LK AE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 AE   JO
22  !D<"  2 2 ∇rnψ(k, rn)/ψ(k, rn)  
2+/ 1# +&.2 &]- 6 !DE" +?&1 78
2&
∇rnψ(k, rn) =
αn(krˆn + k) exp(παn/2)
ı(krn + krn)
f(k, rn)q(k, rn) + O
(
(krn)−2
)
=
krˆn + k
ı(krn + krn)
ψ(k, rn)αnq(k, rn) + O
(
(krn)−2
)
. !DF"
j22 &/ αnβnq(k, rn)   εl # /.   2&
? +2# ++92  !D<"  
1
2
Δrlψ(k, rl) +
(
ık− ıεl
2
krˆl + k
krl + kˆrl
)
∇rlψ(k, rl) +
Zl
rl
ψ(k, rl) = 0, !D="
 rn 62  rl# +&( r−1n = r
−1
l +O(r
−2
l )   +&/ 
2 9 6.-  2& +2 εl
ψ(k, rl) = Q(αl, εl,k, rl) ≡ 1F1(ıαl, 1− ıεl,−ı(krl + krl)), !DC"
 +  !DD" + εl = 0  +2-(] !DC" +&/2  1 &
7$ !w^"
Ψ(k, r) =
exp(ıkr)
(2π)3/2
2∏
l=1
N(αl, εl)Q(αl, εl,k, rl), !D["
 &. &] 2 !DB"  2/2 218
&2
N(αl, εl) = exp
(
−παl
2
) Γ(1− ıαl − ıεl)
Γ(1− ıεl) . !@>"
 &/ 21 7$.2 !D@"  !D[" 6&]/.  2# /  +&8
 /. # / &( 1 \&  +&  6 8
&0 $ 6  +2 j227&(  $ $#
12 &] 7$] 2& +- \&  22/8
 72A
χ(k; r1, r2) =
exp(ıkr)
2(2π)3/2
N(α1, ε1)N(α2, ε2)
2∑
l=1
Q(α1, ε1,k, rl)Q(α2, ε2,k, r3−l). !@<"
LJ 5  
E  
/ / (e, 2e) &. .  /2 6&(2 ?8
 m<En ?& +&  +2 ?2 +?&1 + 62]
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	   E=
+&.6 ? &]- \&  2&&  j8
 0. 2+&(  \ + 72 21o.2 .
6+].  
krec + ks = ki − ke, Ei = Es + Ee + I, !@D"
 (Ei,ki)# (Es,ks)  (Ee,ke) u  / \  2+&(
+]-# .  +- \&# I = 30 \ u +. \.
&. +. \& 6 29 +  21o.2 .
ρ = 2    krec u +&. ? 2+&( / 
 ?-2 &/#   \&  . 
+
2  0..   +&8
# 2 77$&( / 6 12
σ(7) =
d7σ
dΩρdΩedΩsdEs
=
keks
ki
|Tfi|2, !@@"
 Ωs = {θs, ϕs}# Ωe = {θe, ϕe} u  7/ & . 
+- \&# Ωρ = {θρ, ϕρ} u 7/ & 21o.  ρ 
?. ?22 21 +]-2  +-2 \&2# 2/
\&2 +0 Tfi 2 A
Tfi = − 2
K2
∫
dr exp(ıKr)χ∗(ke; r1, r2)ϕ1σg (r1, r2), !@B"
 K = ki − ks u + 2+&( 29 8 r1  r2 +8
- \& &( $ Z1  Z2 +&.]. + 72&2
r1 = r + ρ/2  r2 = r− ρ/2 &. 7$. ϕ1σg (r1, r2) +]-. /&(8
 \&  . 1σg 29 +2 ?& +&/ $ +
2 +22 m<@nA
ϕ1σg (r1, r2) = N(ρ)(exp(−ar1 − br2) + exp(−br1 − ar2)), !@E"
 a = 0.224 086  b = 1.136 03 u $ +2#  +&.].
6 &. . 21o. . ρ = 2   # N(ρ) = 0.621 7 u 8
]- 2/ +2 &. 7$. χ(ke; r1, r2) +8
&.. + 72& !@<"  + . + + 2&
+- \& 
&.. 7$ !@E"  !@<"  72& !@B"# +&/2
Tfi =
−N(ρ)
(2π)3/2K2
N(α1, ε1)N(α2, ε2)(I(a, b) + I(b, a)),
I(a, b) = J(a, b, α1, ε1, α2, ε2) + J(a, b, α2, ε2, α1, ε1), !@F"
J(a, b, α1, ε1, α2, ε2) =
∫
dr exp(ı(K− ke)r− ar1 − br2)
×1F1(−ıα1, 1 + ıε1, ı(ker1 + ker1))1F1(−ıα2, 1 + ıε2, ı(ker2 + ker2)).
+&(6. +?6. :( +&/2 1
J(a, b, α1, ε1, α2, ε2) =
exp(ı(K− ke)ρ/2)
(2π)3
∫
dτ exp(ıτρ)W(α1,ε1)(ke, τ , a)
×W(α2,ε2)(ke,−K− τ + ke, b). !@="
EC  ! 
 ?&$ <A /. 6$ =~h &. 6&/0 6/ Z3 = Z4 + ke ↑↑
K# θs = 9◦  ϕρ = 0◦# θρ = 0◦  +& & +6 6$ 21 =~h
/&2  m<En  =~h 6 +9]- & 
Z1 = Z2 Z3 = Z4 σ
(7)
"# $%&& Δσ(7)
'(( ((( (')*+' (((,')
('( ('+-.- ((()()
('/ ('+.+/ (((((0
('* ('+.0+ (((()0
(-( ('+*)* (((',-
(.( ('/(+) (('+,,
'(( ('**** (()---
σ(7) 1'.2 ('+...
&(. 7$. W(α,β)(k,q, λ) /&.. + &/ 72&
W(α,β)(k,q, λ) =
∫
dr exp(−ıqr− λr)1F1(−ıα, 1 + ıβ, ı(kr + kr)) = 8π(q2 + λ2)2
×
(
λβ
β + αx
−
(
λαx(ıβ + x + ıαx− 1)
(β + αx)(1 + ıβ)
+
αk
1 + ıβ
)
2F1(1− ıα, 2; 2 + ıβ, x)
)
, !@C"
 x = 2(qk + ıλk)/(q2 + λ2)  2F1 u +2/. 7$. +8
2/. 7$.  !@C" + β = 0 1. &/ &1.
$. +6 02]  6/ +.&2 7$8
0 \77# +20 21&2 exp(ı(K − ke)ρ/2)  0 8
& /&.&( +&(6. 2 + 22 .#
 +2-(] ++22 ~>< 6 ??& x mDCn# &6 2
 2+& 72 
22 &( &/ 2.0 020 2&&# 2]-0 8
 6. Z1 = Z2 = 1#  &&(  0 ?0 m<@# <B#
<En + \.0 Ei = 2 \  Ee = 50 \ H  +2&(] &/ 28
 77$&( /. \ +$# + +?8
1 ?22 22 m<@n 21 .  +- \&2 
2/2 \&2 +0 + ks ! ke#  +6&. +.(# / +$ 8
6$ 2 ?# /2 1 .  +( 22 
 + .  +- \&  2 6 +# 28
+&( 2  $. 2&&. 29 j( 2. 8
2 77$&( / &. +& 21o.  ϕρ = 0◦
 θρ = 0◦  \2 &/ +&12  +2# ε1 = −Z3/ke = ε2 = −Z4/ke#
 &1 ?( 2&2 6 !D=" p? +&( +0.- 6/
Z3 = Z4#   ?&$ < & 9 6&(  6&(2 m<En  +8
2&( $ + 60 6/.0 Z3 = Z4#  2+&( +-
\&   +&&& +2 2+&(  29 +]-2 \&8
2#   # K = ke  ke ↑↑ K 6&( +6]# / Z3 = Z4  +8
9 > D  ?2 6/ Z3 = Z4 +&.. 622 6# 
  222 =~h H ?.&( 21 +&(8
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 &	
$  %	 θe
:  % 3 	  $	9 7$ & 	# !$ Z3 = Z4 = fe(θe) -" 	! *
 !. Z3 = Z4 = 0 -## 	!  !.  45 -  	!  !. E9 ϕρ = 0
◦
 θρ = 0
◦
 θs = 3
◦
-F.  θs = 9
◦
-.
6(.  &]/ + &. 22 +?&2   &(92
+2] &. ?& &10 20 22# /? &6( \78
7 &2 + &. /0  \+2&(0 0
&]?0 20 77$&(0 / 
p?# ( \77 . +2 Z3  Z4 ?& +?# 28
2 $ 2 77$&( /.  62 
& +- \& &. 0 +& . \& θs = 3◦
! D !""  θs = 9◦ ! D !?"" + $. 21o.  ϕρ = 0◦#
θρ = 0◦  ?0 &/.0  7$ \77# 6]- 68
6 2  29 +2 21&2 exp(−ı(K − ke)ρ/2)#
 +&/  +2-(] 0$ & 7$# /& 
.0 7&(0 0 m<En 	&/9 & 7$ 8
2 +&&(0 +2 εl# / 6  D !"# !"#  ?&
100◦ < θe < 240◦ !? 6  D !""  &. 0.]. 
?& 0 < θe < 100◦ !?   D !?""#   /(  &. 8
+$# +&( 2 77$&( / .&.. 8
&( 2&(2  \ ?&  21 ?o.( + ++2$ &
7$ !D[" !2 72& !DE"" 
LL  7 7: AE; 2F1(a, 2; c, z)
 /& & !@=" ?. 2 /& +8
2/0 7$ 2F1(a, 2; c, z) + c = 2  c = 1 ?/ &. \ $8
& +&(6. &( +&  2+& +& z  \2
&/ ?]. 6/&( /&&(  2  \8
2 +&1 ?& \77 &2# +&(6]- 72& &0
+?6  2+& +& z# +6&.]- +&(6( ?
0.-. .  6&/0 ?&.0# 2 22 1. 2 6 
F>  ! 
Y /  |z|  1/2 &. 2F1(a, 2; c, z)# +&(62 / . 
2F1(a, 2; c, z) =
Γ(c)
Γ(a)
nmax∑
n=0
Γ(a + n)
Γ(c + n)
(n + 1)zn, !@["
 / ? 0.
 
 
Y 2 
&. /&. 2F1(a, 2; c, z) + |z| > 1/2 +&(62 72& &8
 +?6. m@>n
2F1(a, 2; c, z)
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Γ(c)Γ(2−a)
Γ(c−a) (−z)−a
(
1− 1z
)c−a−1 (1− 1+a−ca−1 11−z)
+ (c−1)(c−2)(a−1)(a−2) (−z)−22F1
(
3− c, 2; 3− a, 1z
)
, 1|z| 
1
2 ,
Γ(c)Γ(2+a−c)
Γ(a) (1− z)c−a−2z2−c
(
1− c−2c−a−1 z−1z
)
+ (c−1)(c−2)(c−a−1)(c−a−2)2F1 (a, 2; 3 + a− c, 1− z) , |1− z|  12 ,
Γ(c)Γ(2−a)
Γ(c−a) (1− z)−a
(
z
z−1
)2−c (
1− c−2a−1 1z
)
+ (c−1)(c−2)(a−1)(a−2) (1− z)−22F1
(
c− a, 2; 3− a, 11−z
)
, 1|1−z| 
1
2 ,
Γ(c)Γ(2+a−c)
Γ(a) (1− z)c−a−2za−c
(
1
z
)a−1 (1− 1−ac−a−1(1− z))
+ (c−1)(c−2)(c−a−1)(c−a−2)z
−a
2F1
(
a, 1 + a− c; 3 + a− c, 1− 1z
)
, |1− 1z |  12 ,
(1− z)−22F1
(
c− a, 2; c, zz−1
)
,
∣∣∣ zz−1 ∣∣∣  12 .
!B>"
+2/ 7$  !B>" /&.]. + 72& !@[" H +8
?6. ] 621( /&.( +2/] 7$] 2F1
(a, 2; c, z)  ?& I  II#  1 + 0 -0 6/.0 z# +8
60   @ !" 
Y 6 22   <sD  $2  /0 (Rezj, Imzj)# j =
1, . . . , 21 + Imz = 0  z ∈ I⋃IIA
z1 = 1/2 + 2ı, z2 = 3/2ı, z3 = 1 + 3/2ı, z4 = −1/2 + ı, z5 = 1/2 + ı,
z6 = 3/2 + ı, z7 = −1 + 1/2ı, z8 = 1/2ı, z9 = 1 + 1/2ı, z10 = 2 + 1/2ı, !B<"
z21−i = z∗i , i = 1, . . . , 10, z21 = 1/2.
)1 +6(# / \  +&(] +] ?& I  II !2 @  
!?"" 2 # +&.. & max1i20(|1 − zj |, |zj |) > 1   &.
1 6/. z ∈ I⋃II 02 +2&(] / zoA zo ∈ {z1, . . . , z21}#
+&.2] 6 &. min1i21 |z − zi|  1/2 & zo = z21#  \ /
622   6 / ? {z8, z9, z12, z13, z22, z23}# +&.2] 6 &.
1/2 < min(|z − z8|, |z − z9|, |z − z12|, |z − z13|, |z − z22|, |z − z23|) 
√
5/4 ≈ 0.56# 
z22 = 0  z23 = 1 j2 +&(62 6&1  / .  & 
 
!"

# $
%  
"& $& ε = 2 · 10−16 $
 '#  nmax < 40 
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–1               II 
1       I
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0
1
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!" !?"
  G	 7 	) +$ !
 -. -.  -.
  / zo
2F1(a, 2; c, z)
=
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
nmax∑
n=0
dn2F1(a,2;c,z)
dzn
∣∣∣
z=zo
(z−zo)n
n! , |1− zo|  1,
Γ(c)Γ(2+a−c)
Γ(a) (1 − zo)c−a−2z2−co
(
1− c−2c−a−1 zo−1zo
)
+ (c−1)(c−2)(c−a−1)(c−a−2)
nmax∑
n=0
dn2F1(a,2;3+a−c,1−z)
dzn
∣∣∣
z=zo
(z−zo)n
n! , |zo|  1.
!BD"
6  +2/0 7$ /&.]. + 72&2
1
n!
dn2F1(a, 2; c, z)
dzn
=
Γ(c)
Γ(a)
Γ(a + n)(1 + n)
Γ(c + n)
(1− z)c−a−2−n
×2F1(c− a, c− 2; c + n, z), !B@"
1
n!
dn2F1(a, 2; c, 1− z)
dzn
= (−1)n Γ(c)
Γ(a)
Γ(a + n)(1 + n)
Γ(c + n)
zc−a−2−n
×2F1(c− a, c− 2; c + n, 1− z).
6 72& !B@" # / ?&] 6/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.0
!BD" 2 ?]  62 n# /.   2 n0 8
\2# &. /&. +2/ 7$ 2F1(a, 2; c, z)# +&(6].
6 /&  +2-(] ++22 {|y m@<n 6/. +8
2/0 7$  0 +60 6 72& !BD"  60 9
/0 zj# j = 1, . . . , 20, 22, 23 
+ 9 &2 &6]- Y1 /Z 2 1 6 +6&. \2(
2. /&. +2  @ 6# /2 +.2 +&(6 ++22
{|y + 12 6/ z 6  |z|  1# # +&(6. & +?8
6 m@>n# + |z| > 1 
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m<n vOPUVbRVJ e VJW ~VU VTTLUUO  ^XLONLKRGVU SKPWa Od KXL OTKRZVU GOJWRKROJS dON
KXL ZLVSPNLZLJK Od KXL WRfLNLJKRVU GNOSS SLGKROJ Od KXL WOPQUL ROJRVKROJ Od KXL
XLURPZ Qa dVSK LULGKNOJS {XaS L_ x# _ B=# <[[@# TT @=CCu@=[E 
mDn }VXZVZ8eLJJVJR x LK VU yNRMRJ Od WRTS VJW TLVbS RJ KXL VQSOUPKL dPUUa NLSOU_LW
GNOSS SLGKROJS dON KXL LULGKNOJ8RZTVGK WOPQUL ROJRVKROJ Od L {XaS L_ x# _ 
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m<[n {OTO_ P z VJW xJGVNVJR }  RMONOPS ZVKXLZVKRGVU SKPWa Od KXL L QOPJW
SKVKLS {XaS L_ x# _ FD# D>>># TT >BD=>Du<u[ 
mD>n  )  2 , ) 2 22/ 76 &6
+   B )# )# <[CD 
mD<n ?   $ 2 9.  6/ 0 &  
+2   μ8&6 
  76 82 # 
?# <[CC 
FB  ! 
mDDn &( :  ) +26$ )# :& # D>>D 
mD@n 6      20 /&&( 76 &. &.
2& &10 76/0 +$ Hp5#  @C# D>>=#  <BBuD@D 
mDBn XKKTAssccc RJN NPsTNOMNVZSsWPQJV XKZ
mDEn XPUPPJQVVKVN y LK VU OUL Od KXL GPST GOJWRKROJS RJ LULGKNOJ8VKOZ WOPQUL
ROJRVKROJ {XaS L_ x# _ =B# D>>F# TT ><B=>@u<uB 
mDFn ONJQLNM w x VJW wRNVMURV v | ~OPQUL TXOKOROJRVKROJ Od XLURPZA SL Od V
GONNLUVKLW KcO8LULGKNOJ GOJKRJPPZ cV_L dPJGKROJ {XaS L_ x# _ BC# <[[@# TT 
@=<Bu@=<[ 
mD=n eOJXVZ  x VJW OXU ~ x hRZTUL GONNLUVKLW cV_LdPJGKROJS dON MNOPJW SKVKL Od
XLURPZURbL VKOZS v XLZ {XaS # _ BE# <[FF# TT DB=<uDB=@ 
mDCn XKKTAssccc JVM GO Pbs
mD[n V^bVXVSXR w LK VU (e, 2e) ROJRVKROJ8LYGRKVKROJ Od 2 {XaS L_ x# _ FC# D>>@#
TT >BD=<>u<u= 
m@>n ?2$ )    +/ + +$&(2 7$.2 )#
 <[=[ 
m@<n {NLSS g  LK VU PZLNRGVU LGRTLSA ^XL xNK Od hGRLJKRiG OZTPKRJM VZQNRWML
JR_LNSRKa {NLSS# VZQNRWML# <[CF 
